
Chapter 1

Summary of hydrodynamical

equations

1.1 Viscous Flows: Navier-Stokes Equations

1.1.1 Continuitiy Equation

Non-conservative form

Dρ

Dt
+ ρ~∇ · ~V = 0 (1.1)

conservative form
∂ρ

∂t
+ ~∇ ·

(

ρ~V
)

= 0 (1.2)

1.1.2 Momentum Equation

Non-conservative form

ρ
Du

Dt
= −

∂p

∂x
+

τxx

∂x
+

τyx

∂y
+

τzx

∂z
+ ρfx (1.3)

ρ
Dv

Dt
= −

∂p

∂y
+

τxy

∂x
+

τyy

∂y
+

τzy

∂z
+ ρfy (1.4)

ρ
Dw

Dt
= −

∂p

∂z
+

τxz

∂x
+

τyz

∂y
+

τzz

∂z
+ ρfz (1.5)

conservative form

ρ
∂u

∂t
+ ~∇ ·

(

ρu~V
)

= −
∂p

∂x
+

τxx

∂x
+

τyx

∂y
+

τzx

∂z
+ ρfx (1.6)

ρ
∂v

∂t
+ ~∇ ·

(

ρu~V
)

= −
∂p

∂y
+

τxy

∂x
+

τyy

∂y
+

τzy

∂z
+ ρfy (1.7)

ρ
∂w

∂t
+ ~∇ ·

(

ρu~V
)

= −
∂p

∂z
+

τxz

∂x
+

τyz

∂y
+

τzz

∂z
+ ρfz (1.8)

1



2 CHAPTER 1. SUMMARY OF HYDRODYNAMICAL EQUATIONS

1.1.3 Energy Equation

Non-conservative form

ρ
D

Dt

(

e +
V 2

2

)

= ρq̇ +
∂

∂x

(

k
∂T

∂x

)

+
∂

∂y

(

k
∂T

∂y

)

+
∂

∂z

(

k
∂T

∂z

)

−
∂(up)

∂x
−

∂(vp)

∂y
−

∂(wp)

∂z

+
uτxx

∂x
+

uτyx

∂y
+

uτzx

∂z

+
uτxy

∂x
+

vτyy

∂y
+

vτzy

∂z

+
wτxz

∂x
+

wτyz

∂y
+

wτzz

∂z
+ ρ~f · ~V (1.9)

conservative form

ρ
∂

∂t

(

e +
V 2

2

)

+ ~∇ ·

[

ρ

(

e +
V 2

2

)

~V

]

= ρq̇ +
∂

∂x

(

k
∂T

∂x

)

+
∂

∂y

(

k
∂T

∂y

)

+
∂

∂z

(

k
∂T

∂z

)

−
∂(up)

∂x
−

∂(vp)

∂y
−

∂(wp)

∂z

+
uτxx

∂x
+

uτyx

∂y
+

uτzx

∂z

+
uτxy

∂x
+

vτyy

∂y
+

vτzy

∂z

+
wτxz

∂x
+

wτyz

∂y
+

wτzz

∂z
+ ρ~f · ~V (1.10)
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1.2 Inviscid Flows: The Euler Equations

1.2.1 Continuitiy Equation

Non-conservative form

Dρ

Dt
+ ρ~∇ · ~V = 0 (1.11)

conservative form
∂ρ

∂t
+ ~∇ ·

(

ρ~V
)

= 0 (1.12)

1.2.2 Momentum Equation

Non-conservative form

ρ
Du

Dt
= −

∂p

∂x
+ ρfx (1.13)

ρ
Dv

Dt
= −

∂p

∂y
+ ρfy (1.14)

ρ
Dw

Dt
= −

∂p

∂z
+ ρfz (1.15)

conservative form

ρ
∂u

∂t
+ ~∇ ·

(

ρu~V
)

= −
∂p

∂x
+ ρfx (1.16)

ρ
∂v

∂t
+ ~∇ ·

(

ρu~V
)

= −
∂p

∂y
+ ρfy (1.17)

ρ
∂w

∂t
+ ~∇ ·

(

ρu~V
)

= −
∂p

∂z
+ ρfz (1.18)

1.2.3 Energy Equation

Non-conservative form

ρ
D

Dt

(

e +
V 2

2

)

= ρq̇ + (1.19)

−
∂(up)

∂x
−

∂(vp)

∂y
−

∂(wp)

∂z
+ ρ~f · ~V (1.20)

conservative form

ρ
∂

∂t

(

e +
V 2

2

)

+ ~∇ ·

[

ρ

(

e +
V 2

2

)

~V

]

= ρq̇ + −
∂(up)

∂x
−

∂(vp)

∂y
−

∂(wp)

∂z
+ ρ~f · ~V (1.21)


